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Messrs. V i d a l  and Laurent develop conditions for the s tabi l i ty  

I of a certain class of nonlinear sampled systems and apply them t o  several 

i examples. These same conditions can be easily developed with sawwhat 

more generality and rigor through the use of a more recent fonn of Uapunovfs 

I second method. The purpose of this  discussion is t o  present the relevant 

theorem and its corollary and t o  i l lustrate  how V i d a l ' s  and Laurent's 

c r i te r ia  can be developed using Liapunov functions. 

Given a continuous map f: 8 + E? with f (0) = 0, the problem 

is t o  determine c r i t e r i a  for, and a dcunain of, s tabi l i ty  for the origin of 

the difference equation (1). 

A set M C is called an invariant se t  for (1) if for each xo in M 

there is a solution x(n) of (1) such that  x(n) 1s i n  M for a l l  

+ +  
n = 0, - 1, - 2,* . .  . 
T H E O m  Let  S be a closed, bounded se t  in 8 If there exists a 

continuous f'unction V(x) defined on S such that 

AV(x) = V(f(x)) - V(x) B 0 for a l l  x in S, then a l l  solutions x(n) 

of (1) which remain in S for a l l  n h 0 approach the largest invariant 



This theorem i s  the difference analog t o  Wal le t s  theorem f o r  

differential  equations [l]. The advantage of this theorem over the usual 

Liapunm theorems is that  it can be used to  define a region of attraction 

f o r  M . U s u a l l y ,  the se t  S i s  constructed so that  a31 the solutions 

which start i n  S remain i n  S, making S a domain of stability. 

COROLLARY: 

have the form S = [x: V(x) 6 c) for  some c > 0 . Then all solutions 

which start in S approach M as n --)a . 

I n  addition t o  the conditions of the theorem, l e t  the se t  S 

For sane m-vector x, consider a nom Ilxll and define the norm 

of a matrix L, IlL 11, by 

Notice that I I L x ~ ~  B 1141 Ilxli for m-vectors x . See 123 for a, 

discussion of various vector andmatrix norms. 

Messrs. V i d a l  and Laurent consider difference equations of the 

type given i n  equation (2) 

x(n+l) = L(x(n))x(n) (2) 

where L(x) i s  a matrix valued function defined on 9 . Consider the 

functional V(x) = lfxll, which is positive definite on a l l  of E? . 
AV(x) = ~ ~ L ( x ) x ~ ~ - ~ l x ~ ~  6 (IIL(x)ll-l)llxll = (tlL(x)lI-l)V(x) . Deffne the  sets 

S1(6) = { x t  IfL(x)lf d 1-81 

Then 

and S2(c) = {x: V(x) 6 c )  . Define the se t  S(S) 
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as S, (c) where c > 0 is chosen such that S2(c) C S1(6) . Then al'L 

the conditions of the corollary are satisfied, 4nplying sta3il i ty,  

more, f3r 8 > 0, the only possible se t  M is  the origin since 

Vfx)n)) c IIx(n)If 

Further- 

approaches zero exponentially as n 3 w . 

In  this case the origin is exponentially asymptot5cally stable with a 

domain of stFi3iI.ity ~(6) . Ro%ice that if L(X) 5s continuous i n  x 

and IIL(x)(I < 1-6, then S(6) is non-empty. There ia also the poseibility 

of finding 8 larger damain of stabil l ty by us- P(x) 
in place of V(x) in detenainfng S(6) . 

for 8-e k > 1 

Let the vector x have elements xi and t h e  matrix L have 

elements L Then, if 1141 = m6;~ lxil, the nom of L i s  given by 

IIdI = = f I LU I . The condition that  llL(x)ll L 1-6 i t3  the f i r o t  

cri%erim arrived at by Messra, Vidal. and Laureat. 

mrm, namely llxfl = q=llx3 I ,  results in the second criterion. Each 

choice of a vector norm would result in a criterion for, and a dcanein of, 

i s '  UiSa 

SiSn j=1 
Another choice for the 

stabil i ty,  Any such choice gives sufficient conations for stability. 

For the nonautonmous case, where L = L(x,n), the &me re- 

sults hold provided that 6 > 0 . mas, inequality (6) of 3he paper gives 

a domain of s tabi l i ty  for the  prDblem considered, 

the izlequdlties developed in each of the examples. 

This is also true f o r  
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